ABSTRACT. We consider positive solutions to the Cauchy problem for quasilinear parabolic equations dtu = Au 171 + u p with max{0,1 -2/N} < m < 1 < p, where N is the space dimension. Putting p^ =m + 2/N, we shall show that if p < p^, then all nontrivial solutions blow up in finite time, and if p > p^, then there are nontrivial global solutions.
Introduction
We consider the Cauchy problem atU = Au m + u p , (x,t) £ll N x(0,T),
where 0 < m < 1 < p and uo(x) > 0. Equation (1) with 0 < m < 1 arises in the plasma physics (see Berryman [1] ). Since the thermal conductivity mu' m~1 | oo when u | 0, mathematically (1) represents a fast diffusion with source (Peletier [11] ).
In the case of slow diffusion m > 1, the following result is known to hold. Let p* m = m+l.
If 1 < p < p^, then all nontrivial nonnegative solutions of (l)-(2) blow up in finite time, whereas if p > p?^, then global solutions of (l)-(2) exist when the initial data are sufficiently small (see Fujita [5] , Hayakawa [8] , and Weissler [14] for m = 1, and Galaktionov et al. [7] , Galaktionov [6] , Kawanago [9] , and Mochizuki-Suzuki [10] for m > 1). Thus, the number p^ is the cutoff between the blow-up case and the global existence case, and it is called the critical exponent. Similar blow-up and global existence results are expected to hold also for the case of fast diffusion m < 1.
In this paper, we restrict ourselves to the case max I 0,1 --> < m< 1,
and we assume that uo(x) is continuous in x E R"^ and uo(x)eL 1 (Il N )nL 00 (R N ).
Then a unique weak solution u(x,t) E C^T);!, 1^) ) n L£ c ([0,T);L 00^) ) of (l)-(2) exists at least for sufficiently small T > 0 (see, e.g., Brezis-Crandall [2] ), and it becomes continuous in (x,t) E R"^ x [0,T). When T = oo, we say u is global; otherwise we say u blows up in finite time. In the latter case, it follows that \\u(',t)\\ L°o ->oo as tTT.
We shall prove the following theorems. 
the Cauchy problem (l)- (2) has a global solution with
where C is some positive constant
The proofs of the above theorems depend on a comparison principle for parabolic equations (Proposition 2.1). To show Theorem 1.2, we shall construct a supersolution of (l)-(2) which behaves like O^" 1 /^" 1 )) as t -> oo (cf. [7] ). To show Theorem 1.1, we shall modify the argument of [10] with the aid of a result of Friedman-Kamin [4] . The subcritical case 1 < p < p^ being easy, we explain our argument in the critical case £ = 24.
Let u be a nontrivial global solution to (l)- (2 
In our fast diffusion problem, however, the support of every Barenblatt solution spreads out to the whole R^ whenever t > 0, and it becomes difficult to find such a convenient subsolution to (l)- (2) . To remove this difficulty, we turn our attention to the self-similarity of the Barenblatt solutions, Note here that our results can be extended to the exterior Dirichlet boundary-value problem if N > 3. In his recent work [13] , R. Suzuki has obtained a critical blow-up to the exterior problem of slow diffusion. His argument is applicable also to our fast diffusion problem without any essential modification.
The rest of the paper is organized as follows. In §2, we define a weak solution of (1) and prepare several preliminary propositions. Theorems 1.1 and 1.2 are proved in §3 and §4, respectively. Finally in §5, we remark on a critical blow-up for the exterior problem.
Preliminaries
We begin with the definition of a weak solution of (1). Definition 2.1. By a solution of equation (1) we mean a function w(a;,
(ii) For any bounded G C R^, 0 < r < T and nonnegative tp(x,t) € C 2 (G x [0,T)) which vanishes on the boundary dG,
where n denotes the outer unit normal to the boundary. A supersolution [or subsolution] is similarly defined with equality (8) replaced by
The following comparison principle is well-known for the quasilinear equation (1) . The result will be freely used in the sequel.
Proposition 2.1. Letu [orv] be a supersolution [or subsolution] of (1). Ifu(x,0) > v(x,0), then we have u > v in the whole
Then, by a limit procedure, we have from (8), Our proof of Theorem 1.1 will be based on the following two propositions. (rr,t)GR iV x(0,r)
Proposition 2.2. Let u be a solution to (l)-(2). Then for any r
Since 1 -(1 -m)Ar/2 > 0 by assumption (4), the right-hand side goes to zero as e | 0. Thus, the Lebesgue dominated convergence theorem shows equation (10) . Next, let a(r) be as above. As is easily seen, the initial-value problem
1 ii;(a;,0) = ^0(2;)? a; G R^ has a global solution w which also satisfies
Since w is a supersolution to (l)-(2), we conclude (11).
We define J(t),t>0, as 
then the corresponding solution u of (l)- (2) Moreover, taking account of (11) of Proposition 2.2, we conclude (13).
We shall close this section by giving a concrete expression of the Barenblatt solution to the initial-value problem
where L > 0 and 6(x) is Dirac's 6-function. Let
and
and it is self-similar in the following sense: for any k > 0
Proof. The expression (16) is well-known, and the self-similarity (17) easily follows from (15) and (16).
Proof of Theorem 1.1
In this section, Theorem 1.1 will be proved in a series of lemmas. 
Lemma 3.2. Assume that u is global. Ifl<p< p^, then
/ u{x, t)dx = 0 for any t > 0.
Proof Since u(^t) £ L 1 (R iV ), noting (3) and letting e | 0 in (18), we easily have the assertions of the lemma.
Lemma 3.3. Let p = p^-Assume that u is global. Then we have for any t > 0, / / u(x,T) p dxdr<C(N). (21) Jo Jn"
Proof The assertion directly follows from (10) On the other hand, it follows from Proposition 2.4 that 
Proof of Theorem 1.2
In this section, we assume p > p^ in (1) . We shall show Theorem 1.2 by constructing a supersolution of (1) in the form
Z(x, t) = (t + to)-" [a + b\x\ 2 (t + to)-
where to, a, 6, a, and u are suitably chosen positive constants. Substitute this in the inequality
Then putting X = a + b\x\ 2 
we have
We put a + 1 = (m + 2i/)a = ap, i.e., a = and v = ---. Then
Thus, it follows from (26) that
This inequality holds if a and 6 are chosen to satisfy F(a) < 0 and F'(X) < 0 in X > a. The first condition is reduced to 0 < a-fr- 
Summarizing these results, we obtain Let u be the solution of (l)- (2) 
with this initial datum uo(x). Then by the comparison principle, it follows that u(x,t) < Z(x,t)
as long as u(x,t) exists. This and (11) of Proposition 2.2 ensure simultaneously the global existence and the decay property (7) of Theorem 1.2.
Exterior Dirichlet problem
In this section, we shall remark that the critical blow-up occurs also for the exterior Dirichlet problem if the space dimension N > 3. Let ER = {x £ R^; \x\ > R} (R > 0), and let us consider the exterior initialboundary-value problem
where m satisfies (4), p = p^ and
In this case, Lemma 3.4 is extended as follows:
Lemma 5.1. Let v be the solution of Note that (35) is satisfied by the Barenblatt solution Emfa, t; L). Then the uniqueness theorem due to Dahlberg-Kenig [3] (cf. also Pierre [12] ) implies the desired equality. Suppose that u is nontrivial. Then combining (36) and Lemma 5.1, we can follow the proof of Theorem 1.1 to yield a contradiction.
The critical blow-up for the exterior problem (31) is thus concluded.
